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Abstract:   The Antonsen – Bormann idea was originally proposed by these authors for the computation of the heat 
kernel in curved space; it was also used by the author  recently with the same objective but for the Lagrangian density 
for a real massive scalar field in 2 + 1 dimensional curved space. It is now reworked here with a different purpose – 
namely, to determine the zeta function for the said model using the Schwinger operator expansion. 
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    Introduction 
This is the third of a three part paper [1, 2] dealing with the Lagrangian density 
                                                           ܮ ൌ ଵ
ଶ
݃ఓఘ ఓ߲߲߮ఘ߮ െ
ଵ
ଶ
݉ଶ߮ଶ     (1) 
for a real massive scalar field in 2 + 1 dimensional curved space. To motivate this paper we consider the operator   
                                                                   
                                             ܤ ؠ െ߲ఓ൫݃ఓఘ߲ఘ൯ െ ݉ଶ                    (2)  
and work with the stationary solutions of the Einstein field equations given by Deser et al.[3] and Clement[4] to 
define the metric     ݃ఓఔ; in detail  
                     ݃଴଴ ൌ 1 െ ఒ
మ
௥మ
 , ݃଴ଵ ൌ െ ఒ௬
௥మ
, ݃଴ଶ ൌ ఒ௫
௥మ
, ݃ଵଵ ൌ െ1, ݃ଵଶ ൌ 0, ݃ଶଶ ൌ െ1      (3a) 
and    ݃ఓఔ    is 
                  ݃଴଴ ൌ 1, ݃଴ଵ ൌ െ
ఒ௬
௥మ
, ݃଴ଶ ൌ
ఒ௫
௥మ
, ݃ଵଵ ൌ െ1 ൅ ሺ
ఒ௬
௥మ
ሻଶ    ݃ଵଶ ൌ െ ቀ
ఒమ௫௬
௥ర
ቁ , ݃ଶଶ ൌ െ1 ൅ ሺ
ఒ௫
௥మ
ሻଶ (3b) 
with  ݎ ൌ |ݎԦ|    , 2ߨߣ ൌ ߢ Ј , and    ߢ ൌ 8ߨܩ ; G  being the gravitational constant and Ј ൌ |ࡶ| being the spin of the 
massless particle located at the origin(see eq.(20) in  Clement[4]). 
The effort in Ref.2 was to the use of the Antonsen-Bormann idea [5,6] for the heat kernel ܩሺݔ, ݔ ′; ߪሻin planar curved 
space , it being the solution of  
                  ܤܩሺݔ, ݔ ′; ߪሻ ൌ െ݅ డீ
డఙ
           (4)   
  with  ܩሺݔ, ݔ ′; ߪ ՜ 0ሻ ൌ െ݅ ߜሺଷሻሺݔ െ ݔ ′ሻ ; by introducing the vierbeins  ݁௔ఈ defined by ݃ఈఉ ൌ ߟ௔௕݁௔ఈ݁௕
ఉ   with     
ߟ௔௕ ൌ diagሺ1, െ1, െ1ሻ  one  first reworks  B as   
              ܤ ൌ െߟ௔௕߲௔߲௕ െ ݉ଶ െ ݁ఈ௠߲௠ሺ݁௔ఈሻ߲௔                        (5) 
Writing  ܩሺݔ, ݔ ′; ߪሻ in terms of the flat space heat kernel ܩ଴ሺݔ, ݔ ′; ߪሻ as                                  
                    ܩሺݔ, ݔ ′; ߪሻ ൌ ܩ଴݁ି
భ
మ ׬ ௘ഀ
೘డ೘ሺ௘೙ഀሻௗ௫೙݁ି்     (6) 
 with ሺߟ௔௕߲௔߲௕ ൅ ݉ଶሻܩ଴ ൌ ݅
డீబ
డఙ
    and ܩ଴ሺݔ, ݔ ′; ߪ ՜ 0ሻ ൌ െ݅ߜሺଷሻሺݔ െ ݔ′ሻ , one then obtains  as in Ref.5   
         ߲௔߲௔ܶ െ ߲௔߲ܶ௔ܶ ൅ ݂ ൅ 2
డഋீబ
ீబ ఓ߲
ܶ ൌ ݅ డ்
డఙ
                      (7) 
with  ݂ ൌ ଵ
ସ
ሺ݁ఈ௠߲௠ ሺ݁௕
ఈሻሻଶ ൅ ଵ
ଶ
߲௡൫ ఉ݁௠߲௠ሺ݁௡
ఉሻ൯ . Since  ܩ଴ ൌ ሺ4ߨ݅ߪሻିଷ/ଶ݁
ି௜ሺೣషೣ
′ሻమ
ర഑ ି௜௠
మఙ   the ratio in (7) works to 
– ݅ ሺ௫ି௫
′ሻഋ
ఙ ఓ߲
ܶ . With  T taken as       
ܶ ൌ
߬ିଵ
ߪ ൅ ෍ ߬௞ߪ
௞
∞
௞ୀ଴
 
and not as in eq.(24) in Ref.5 to meet the twin requirements of the boundary condition on the heat kernels G and ܩ଴  
as  ߪ ՜ 0  thus setting ߬଴ ൌ െ
ଵ
ଶ ׬ ݁ఈ
௡߲௡ሺ݁௠ఈ ሻ݀ݔ௠ and retaining the extra term – ݅
ሺ௫ି௫′ሻೌ
ఙ
߲௔ܶ one gets  ߬ିଵ as a 
solution of 
                          ߲௔߲௔߬ିଵ െ 2߲௔߬଴߲௔߬ିଵ െ ݅ሺݔ െ ݔ ′ሻ௔߲௔߬଴ ൌ 0           (8)  
with the ߬௞ for ݇ ൒ 1  being likewise obtained[2] through the solution of similar coupled partial differential 
equations. This latter aspect is clearly a disincentive to the above program of obtaining the heat kernel  ܩሺݔ, ݔ ′; ߪሻ ; 
but we believe the idea [5,6]  itself is too good to ignore and it is therefore appreciated below from a different point of 
view . 
The reworking 
To elaborate, let’s return to the operator B as given in eq.(5) and write it as  
                                                 ܤ ൌ ܪ଴ ൅ ܪூ ,ܪ଴ ؠ െߟఓఔ ఓ߲߲ఔ െ ݉ଶ, ܪூ ؠ െ݁ఈ௠߲௠ሺ݁௡ఈሻ߲௡                   (9) 
We now present two sets of vierbeins ݁௔
ఓ and ݁ఓ௔ that are easily obtained from eqs.(3) above using  ݃ఈఉ ൌ ߟ௔௕݁௔ఈ݁௕
ఉ   
and ݃ఈఉ ൌ ߟ௔௕݁ఈ௔ ఉ݁௕ , together with the respective operator  ܪூ for each set :   
 
   
         
      e଴଴ ൌ 1 , eଵ଴ ൌ െ
λ
୰
 , eଶ଴ ൌ 0               ݁଴଴ ൌ 0 , ݁ଵ଴ ൌ ݅ , ݁ଶ଴ ൌ 0    
Set 1:          eୟ
µ:     ݁଴ଵ ൌ 0 , ݁ଵଵ ൌ െ
௬
௥
 , ݁ଶଵ ൌ
௫
௥
               ݁ఓ௔  :    ݁଴ଵ ൌ െ݅  , ݁ଵଵ ൌ ݅ 
ఒ௬
௥మ
 , ݁ଶଵ ൌ െ݅ 
ఒ௫
௥మ
   
                 e଴ଶ ൌ 0  , eଵଶ ൌ  
௫
௥
  , eଶଶ ൌ  
௬
௥
                         ݁଴ଶ ൌ 0 , ݁ଵଶ ൌ 0 , ݁ଶଶ ൌ 1    
                                                ܪூ ൌ െ
ଵ
௥య
ሼݔሺߣ ൅ ݅ݕሻ݌ଵ ൅ ሺߣݕ െ ݅ݔଶሻ݌ଶሽ     (10a)         
       ݁଴଴ ൌ 1 , ݁ଵ଴ ൌ
ఒ௫
௥మ
 , ݁ଶ଴ ൌ
ఒ௬
௥మ
                            ݁଴଴ ൌ 0  , ݁ଵ଴ ൌ െ
௜
√ଶ
 , ݁ଶ଴ ൌ
௜
√ଶ
                
Set 2:        ݁௔
ఓ :        ݁଴ଵ ൌ 0 ,  ݁ଵଵ ൌ 0 ,   ݁ଶଵ ൌ 1       ݁ఓ௔ :    ݁଴ଵ ൌ െ݅ , ݁ଵଵ ൌ
௜ఒ௬
௥మ
  , ݁ଶଵ ൌ െ
௜ఒ௫
௥మ
  
       ݁଴ଶ ൌ 0 , ݁ଵଶ ൌ െ1 , ݁ଶଶ ൌ 0             ݁଴ଶ ൌ 0 , ݁ଵଶ ൌ െ
ଵ
√ଶ
  , ݁ଶଶ ൌ െ
ଵ
√ଶ
  
                ܪூ ൌ െ
ఒ
௥ర
ሼሺݕଶ െ ݔଶሻ݌ଵ െ 2ݔݕ݌ଶሽ      (10b) 
with  ݌࢏ ൌ െ߲݅௜  , i= 1,2 in eqs.(10). Note that eq.(10a)  is linear  in  λ  while  the  operator  ܪூ  in (10b) is a  multiple 
of   λ ;  this difference between the two operators in eqs.(10) will be decisive in the sequel. 
The Schwinger Expansion 
To take up the subject of this paper , we adopt the method of operator  regularization – a perturbative expansion 
introduced by Schwinger[7]to compute amplitudes in quantum field theory in the context of background field 
quantization. Specifically, we shall use the method of operator regularization [8,9] to attempt a calculation of the 
ζ(s) function associated with the Lagrangian density in eq.(1). To this end we recall the  definition of the ζ function 
for the operator  B following McKeon and Sherry [8] 
    ߞሺݏሻ ൌ ଵ
௰ሺ௦ሻ ׬ ݀ݐ  ݐ
௦ିଵ  ݐݎ  ݁ି஻௧∞଴         (11) 
with the functional trace  being computed in momentum space after Schwinger[7]. For convenience we shall work in 
Euclidean space below and rewrite eq.(9)as ܤ ൌ ܥ଴ ൅ ܥଵ ,with  
                                                          ܥ଴ ൌ ݌଴ଶ െ ݉ଶ    ,      ܥଵ ൌ ݌ଶሬሬሬሬԦ ൅ ܪூ                    (12)          
 Since the metric ݃ఓఔ   in eqs.(3) is time independent it is obvious that  
                                                           ݁ିሺ஼బା஼భሻ௧ ൌ ݁ି஼బ௧݁ି஼భ௧
  
          (13) 
The Schwinger expansion [8] is now applied to the second exponential in (13) to get, 
݁ି௧ ஼భ ൌ ݁ି௧ ௣మ ൅ ሺെݐሻ න ݀ ݑ ݁ି௧ ሺଵି௨ሻ௣మܪூ
ଵ
଴
݁ି௧ ௨ ௣మ൅ሺെݐሻଶ න ݑ ݀ݑ න ݀ݑଵ݁ି௧ ሺଵି௨ሻ௣
మܪூ݁ି௧ ௨ሺଵି௨భሻ௣
మܪூ
ଵ
଴
ଵ
଴
݁ି௧ ௨ ௨భ௣మ  
൅ ሺെݐሻଷ න ݑଶ݀ݑ න ݑଵ݀
ଵ
଴
ଵ
଴
ݑଵ න ݀ݑଶ
ଵ
଴
݁ି௧ ሺଵି௨ሻ௣మܪூ݁ି௧ ௨ሺଵି௨భሻ௣
మܪூ݁ି௧ ௨௨భሺଵି௨మሻ௣
మܪூ݁ି௧ ௨௨భ௨మ௣
మ 
൅ሺെݐሻସ ׬ ݑଷ݀ݑଵ଴ ׬ ݑଵ
ଶ݀ݑଵ ׬ ݑଶ݀
ଵ
଴
ଵ
଴ ݑଶ ׬ ݀ݑଷ
ଵ
଴ ݁
ି௧ ሺଵି௨ሻ௣మܪூ݁ି௧ ௨ሺଵି௨భሻ௣
మܪூ݁ି௧ ௨௨భሺଵି௨మሻ௣
మܪூ  
ൈ ݁ି௧ ௨௨భ௨మሺଵି௨యሻ௣మܪூ݁ି௧ ௨௨భ௨మ௨య௣
మ ൅ …         (14) 
 
The scope of this paper is limited to the third order term in ሺെݐሻ above with the higher order terms being dealt with in 
more detail elsewhere. An obvious advantage from the use of (10b) over (10a) in (14) is that it becomes a power 
series in λ and this favours the use of eq.(10b) for the calculation done below. 
 Writing the first order term in (14) as               
      ሺെݐሻ ׬ ݀ݑ݁ି௧ሺଵି௨ሻ௣మۦ݌|ܪூ|݌ۧ݁ି௧ ௨ ௣
మଵ
଴         (15)                                     
The matrix element in (15) now becomes,  
                                      ۦ݌|ܪூ|݌ۧ ൌ െߣ ׬
ଵ
ሺ௤భమା௤మమሻమ
ሺ ሺݍଶଶ െ ݍଵଶሻ݌ଵ െ 2ݍଵݍଶ݌ଶሻ               (16) 
with ݍଵ and ݍଶ being the two components of the position vector ݍԦ  and ∫ being a symbol for ׬ ௗమ௤ሺଶగሻమ.  On integration 
the first and second terms in (16) yield zero by symmetry ; thus the first order term in (14) is  zero. The second order 
term in (14) is given by 
      ሺെݐሻଶ ׬ ݑ݀ݑ ׬ ݀ݑଵ݁ି௧ ሺଵି௨ሻ௣
మ ∫ଵ଴ଵ଴ ۦ݌|ܪூ|ݎۧ݁ି௧ ௨ሺଵି௨భሻ௥మۦݎ|ܪூ|݌ۧ݁ି௧ ௨ ௨భ௣మ      (17)    
with  ݎԦ being a two component momentum vector and  ∫    shorthand for  ׬ ݀ଶݎ . As in (16), one gets 
                 ۦ݌|ܪூ|ݎۧ ൌ െߣ ׬
௘ష೔ሺ೛ሬሬԦషೝሬԦሻ.೜ሬԦ
൫௤భమା௤మమ൯
మ ሼሺݍଶଶ െ ݍଵଶሻݎଵ െ 2ݍଵݍଶݎଶሽ   ൌ െ
ఒ
ସగ
ቄݎଵ െ 2
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
ቅ     (18)      
Therefore                            
                                ۦݎ|ܪூ|݌ۧ ൌ െ
ఒ
ସగ
ቄ݌ଵ െ 2
ሺ௥మି௣మሻሺ௥మ௣భି௥భ௣మሻ
ሺ௥Ԧି௣Ԧሻమ
ቅ          (19) 
 With eqs. (18) and (19) , (17) is easily determined from the three apparently nonzero momentum integrals: 
   ܬ଴ ؠ ሺെ2ሻ ׬ ݎଵ
ሺ௥మି௣మሻሺ௥మ௣భି௥భ௣మሻ
ሺ௥Ԧି௣Ԧሻమ
݁ି௨௧ሺଵି௨భሻ௥Ԧమ   ,   ܬଵ ؠ ሺെ2ሻ ׬ ݌ଵ
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ି௨௧ሺଵି௨భሻ௥Ԧమ    (20) 
and 
               ܬଶ ؠ ሺെ2ሻଶ ׬
ሺ௥మି௣మሻሺ௥మ௣భି௥భ௣మሻ
ሺ௥Ԧି௣Ԧሻమ
݁ି௨௧ሺଵି௨భሻ௥Ԧమ ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
                      (21) 
The integrals in (20) yield 
                          ܬ଴ ൅ ܬଵ ൌ ሺെ2ሻ
గ
ଶ ׬ ݀ߙ
௘షഁ೛ሬሬԦ
మ
ሺఈା௭ሻయ
ሼߙሺ݌ଵଶ െ ݌ଶଶሻ ൅ ݑሺ݌ଵଶ ൅ ݌ଶଶሻሽ
∞
଴         (22) 
with ൌ ߙ ൅ ݖ ,  ݖ ൌ ݑݐሺ1 െ ݑଵሻ  and ߚ ൌ
ఈ௭
ఈା௭
 . Likewise one gets from (21) 
                             ܬଶ ൌ ሺെ2ሻଶ
గ
ଶ ׬ ߙ݀ߙ
௘షഁ೛ሬሬԦ
మ
௨ర
∞
଴ ቄ݌Ԧ
ଶݖଶ݌ଶଶ ൅
ଵ
ଶ
ݑሺ3݌ଵଶ ൅ ݌ଶଶሻቅ        (23) 
On doing the integration one gets 
                        ܬ଴ ൅ ܬଵ ൅ ܬଶ ൌ
గ
௔
ሺ݌ଵଶ െ ݌ଶଶሻ݁ି௭௣Ԧ
మ ቄሺ1 ൅ ݁௭௣Ԧమሻ ൅ ଶ௭
௔
ሺ1 െ ݁௭௣Ԧమሻቅ      (24) 
with ܽ ൌ ݖଶ݌Ԧଶ. Note that eq.(22) is antisymmetric to the exchange of ݌ଵ and ݌ଶ and  will be further multiplied  by 
݁ି௖௣Ԧమ – where ܿ ൌ ݐሺ1 െ ݑሺ1 െ ݑଵሻሻ   as seen from eq.(17) .This will alter (24) to  
                                    ܬ଴ ൅ ܬଵ ൅ ܬଶ ൌ
గ
௔
ሺ݌ଵଶ െ ݌ଶଶሻ݁ି௧ ௣Ԧ
మ ቄሺ1 ൅ ݁௭௣Ԧమሻ ൅ ଶ௭
௔
ሺ1 െ ݁௭௣Ԧమሻቅ                             (24a) 
To this order therefore, 
݁ି௧ ஼భ ൌ ݁ି௧ ௣మ ൅ ሺെݐሻଶሺെ
ߣ
4ߨሻ
ଶߨሺ݌ଵଶ െ ݌ଶଶሻ݁ି௧ ௣Ԧ
మ න ݑ݀ݑ න ݀ݑଵ
ଵ
଴
ଵ
଴
1
ܽ ൜ሺ1 ൅ ݁
௭௣Ԧమሻ ൅
2ݖ
ܽ ሺ1 െ ݁
௭௣Ԧమሻൠ 
                          ൌ ݁ି௧ ௣Ԧమ ቄ1 ൅ ሺఒ ௧
ସగ
ሻଶ  ߨሺ݌ଵଶ െ ݌ଶଶሻ ׬ ݑ݀ݑ ׬ ݀ݑଵ
ଵ
଴
ଵ
଴
ଵ
௔
ቂሺ1 ൅ ݁௭௣Ԧమሻ ൅ ଶ௭
௔
ሺ1 െ ݁௭௣Ԧమሻቃቅ                   (25) 
 with ܽ ൌ ݖଶ݌Ԧଶ  ,  ݖ ൌ ݑݐሺ1 െ ݑଵሻ. 
The third order term:   Following (17) it can be written as 
 ሺെݐሻଷ ׬ ݑଶ݀ݑଵ଴ ׬ ݑଵ݀ݑଵ ׬ ݀ݑଶ݁
ି௧ ሺଵି௨ሻ௣మ ∫ଵ଴ଵ଴ ۦ݌|ܪூ|ݎۧ݁ି௫ ௥మۦݎ|ܪூ|ݍۧ݁ି௭ ௤మ ۦݍ|ܪூ|݌ۧ݁ି௧௨௨భ௨మ௣Ԧమ               (26) 
with the  integration now understood as ׬ ݀ଶݎ݀ଶݍ  ,  ݔ ؠ ݐݑሺ1 െ ݑଵሻ and ݖ ؠ ݐݑݑଵሺ1 െ ݑଶሻ. Using eqs.(18) and (19) 
the product of the matrix elements now becomes  
ቀെ ఒ
ସగ
ቁ
ଷ
ቄݎଵ െ 2
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
ቅ ቄݍଵ െ 2
ሺ௥మି௤మሻሺ௥మ௤భି௥భ௤మሻ
ሺ௥Ԧି௤ሬԦሻమ
ቅ ቄ݌ଵ െ 2
ሺ௤మି௣మሻሺ௤మ௣భି௤భ௣మሻ
ሺ௤ሬԦି௣Ԧሻమ
ቅ ݁ି௫௥మି௭௤మ      
                     (27) 
of which only the following four will be apparently non –zero. 
ܭ଴ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶݎଵ
ሺ௥మି௤మሻሺ௥మ௤భି௥భ௤మሻ
ሺ௥Ԧି௤ሬԦሻమ
݁ି௫௥మ ሺ௤మି௣మሻሺ௤మ௣భି௤భ௣మሻ
ሺ௤ሬԦି௣Ԧሻమ
݁ି௭ ௤మ        (27)                                    
ܭଵ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶݍଵ
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ି௫ ௥మ ሺ௤మି௣మሻሺ௤మ௣భି௤భ௣మሻ
ሺ௤ሬԦି௣Ԧሻమ
݁ି௭ ௤మ     (28) 
ܭଶ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶ݌ଵ
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ି௫ ௥మ ሺ௥మି௤మሻሺ௥మ௤భି௥భ௤మሻ
ሺ௥Ԧି௤ሬԦሻమ
݁ି௭ ௤మ       (29)      
ܭଷ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଷ ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
ሺ௥మି௤మሻሺ௥మ௤భି௥భ௤మሻ
ሺ௥Ԧି௤ሬԦሻమ
݁ି௫ ௥మ ሺ௤మି௣మሻሺ௤మ௣భି௤భ௣మሻ
ሺ௤ሬԦି௣Ԧሻమ
݁ି௭ ௤మ        (30)   
We begin with ܭ଴ .On integrating over ݎԦ one gets   
                ܭ଴ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶ గ
ଶ ׬ ݀ߙ
௘షഁ೜ሬԦ
మ
ሺఈା௫ሻయ
∞
଴ ሼߙሺݍଵ
ଶ െ ݍଶଶሻ ൅ ሺߙ ൅ ݔሻݍଶଶሽ
ሺ௤మି௣మሻሺ௤మ௣భି௤భ௣మሻ
ሺ௤ሬԦି௣Ԧሻమ
݁ି ௭ ௤మ        
        ൌ ቀെ ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶሺగ
ଶ
ሻଶ ׬ ׬ ݀ߤ∞଴ ݀ߙ
௘ష ሺഁశ೥ሻ೛ ሬሬሬԦ
మ
ଶሺఈା௫ሻయ
∞
଴
௘഑೛ ሬሬሬԦ
మ
ሺఉାఓା௭ሻర
ሼݔ ଵܶ ൅ ߙ ଶܶሽ 
with    ଵܶ ൌ ݌ଵሼ6ߤଶ݌ଶଶ ൅ ݓሺ3 െ 4ߤ݌ଶଶሻሽ  ,  ଶܶ ൌ ݌ଵሼ2ߤଶሺ݌ଵଶ െ 2݌ଶଶሻ ൅ ݓሺ1 ൅ 2ߤ݌ଶଶሻሽ  , ݓ ൌ ߚ ൅ ߤ ൅ ݖ  and          
ߪ ൌ ሺఉା௭ሻ
మ
௪
 , ߚ ؠ ఈ௫
ఈା௫
  .The integration over µ yields, 
ܭ଴ ൌ ൬െ
ߣ
4ߨ൰
ଷ
ሺെ2ሻଶሺ
ߨ
2ሻ
ଶ න ݀ߙ
∞
଴
݁ି ሺఉା௭ሻ௣ ሬሬሬԦమ
2ሺߙ ൅ ݔሻଷ ݌ଵ
ሼݔܩଵ ൅ ߙܩଶሽ 
With ܩଵ ൌ െ ቄ
ଵ
௔
2݌ଶଶ ൅ 3ሺ݌ଵଶ െ 3݌ଶଶሻ
ଵ
௔మ௣Ԧమ
൫െ1 ൅ ݁௔ ௕⁄ ൯ ൅ ቀ ௕
௔మ
ቁ ൫8݌ଶଶ ൅ ሺ3݌ଵଶ െ ݌ଶଶሻ݁௔ ௕⁄ ൯ቅ 
        ܩଶ ൌ െ ቄ
ଵ
௔
2݌ଵଶ ൅ 3ሺ݌ଵଶ െ 3݌ଶଶሻ
ଵ
௔మ௣Ԧమ
൫െ1 ൅ ݁௔ ௕⁄ ൯ ൅ ቀ ௕
௔మ
ቁ ൫8݌ଶଶ ൅ ሺ3݌ଵଶ െ ݌ଶଶሻ݁௔ ௕⁄ ൯ቅ 
and  ܽ ൌ ሺߚ ൅ ݖሻଶ݌Ԧଶ   . Similarly,         
ܭଵ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶ గ
ଶ ׬ ݀ߙ
௘షഁ೛ሬሬԦ
మ
ሺఈା௫ሻమ
∞
଴ ݌ଵݍଵ
ሺ௤మି௣మሻሺ௤మ௣భି௤భ௣మሻ
ሺ௤ሬԦି௣Ԧሻమ
݁ି௭ ௤మ   
       ൌ ቀെ ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶ ቀగ
ଶ
ቁ
ଶ
݌ଵ݁ିሺ௫ା௭ሻ௣Ԧ
మ ଵ
௕
ሺെ1 ൅ ݁௫௣Ԧమሻ ቄቀെ ଵ
௖
ቁ ൫݌ଵଶ െ ݌ଶଶ݁௭௣Ԧ
మ൯ ൅ ଵ
௖మ
ݖሺ݌ଵଶ െ ݌ଶଶሻሺ1 െ ݁௭௣Ԧ
మሻቅ (32) 
 with ܾ ൌ ݔଶ݌Ԧଶ    and   ܿ ൌ ݖଶ݌Ԧଶ.  
Likewise, with ߚ ؠ ఈ௭
ఈା௭
  
ܭଶ ൌ ቀെ
ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶ గ
ଶ ׬ ݀ߙ
௘ –ሺഁశೣሻ ೝሬԦ
మ
ሺఈା௭ሻమ
∞
଴ ݌ଵݎଵ
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
     
     ൌ ቀെ ఒ
ସగ
ቁ
ଷ
ሺെ2ሻଶ ቀగ
ଶ
ቁ
ଶ ௣భ
௭మ
ሺ ଵܵ ൅ ܵଶሻ  
With 
 ଵܵ ൌ ׬ ݀ߣ 
∞
଴ ݁
ି௕ ௪⁄ ቄെ ଵ
௕
൫݌ଵଶ െ ݌ଶ  ଶ ݁௕ ௪⁄ ൯ െ
ଵ
௕మ
ݓሺ݌ଵଶ െ ݌ଶ  ଶ ሻሺ1 െ ݁௕ ௪⁄ ሻቅ  ,ݓ ൌ ߣ ൅ ݔ ൅ ݖ  ,ܾ ൌ ݓଶ݌Ԧଶ          (33) 
ܵଶ ൌ ׬ ݀ߣ ݁ି௖ ௨⁄ ቄെ
ଵ
௖
൫݌ଵଶ െ ݌ଶ  ଶ ݁௖ ௨⁄ ൯ െ
ଵ
௖మ
ݑሺ݌ଵଶ െ ݌ଶ  ଶ ሻሺ1 െ ݁௖ ௨⁄ ሻቅ
∞
଴  , ݑ ൌ ߣ ൅ ݔ  , ܿ ൌ ݑ
ଶ݌Ԧଶ                                (34) 
  Finally,                      
ܭଷ ൌ
ሺെ ఒ
ସగ
ሻଷሺെ2ሻଷ గ
ଶ ׬ ׬ ݀ߙ݀ߚ
௘ሬೢሬሬԦ
మ ೟⁄
௧ఱ
∞
଴
∞
଴ ሼݐ
ଷݎଶ݌ଶݎԦ · ݌Ԧ ൅ ݐଶܤଶ ൅ ݐܤଵ െ 8ߙߚݓଶଶሺݎଵ݌ଶ െ ݎଶ݌ଵሻଶሽ
ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ିሺ௫ାఈሻ௥Ԧమିఉ௣Ԧమ
                                        (35) 
with ݓሬሬԦ ൌ ߙݎԦ ൅ ߚ݌Ԧ   and  ݐ ൌ ߙ ൅ ߚ ൅ ݖ   and  
ܤଵ ൌ ݎଶ݌ଶሺݓଵଶ ൅ ݓଶଶሻ ൅ 3ݓଶሺ݌ଶݎଵ െ ݌ଵݎଶሻሺߚ݌ଵ െ ߙݎଵሻ ൅ 2ߙߚݓଶሺݎଶ ൅ ݌ଶሻሺ݌ଶݎଵ െ ݌ଵݎଶሻଶ 
ܤଶ ൌ
ଵ
ଶ
ሺ3ݎଵ݌ଵ ൅ ݎଶ݌ଶሻ െ 2ߙߚݎଶ݌ଶሺ݌ଶݎଵ െ ݌ଵݎଶሻଶ െ ݓଶሺݎଶ ൅ ݌ଶሻݎԦ · ݌Ԧ െ ሺ݌ଶݎଵ െ ݌ଵݎଶሻሺߚ݌ଵ െ ߙݎଵሻሺݎଶ ൅ ݌ଶሻ            
Integrating  (35) over α gives 
ܭଷ ൌ ሺെ
ߣ
4ߨሻ
ଷሺെ2ሻଷ
ߨ
2 න ݀ߚ ෍ ܥ௝݁
ି௭௥Ԧమିఉሺ௥Ԧି௣Ԧሻమ
ଽ
௝ୀ଴
∞
଴
ሺ݌ଶ െ ݎଶሻሺ݌ଶݎଵ െ ݌ଵݎଶሻ
ሺ݌Ԧ െ ݎԦሻଶ ݁
ି௫ ௥Ԧమ 
 with  each of the ܥ௜  given below.  
We now take up the integration over  ݎԦ with ܥ଴   as an example, it being given by 
   ܥ଴ ൌ
ଵ
௙
൥
ݎଵሺݎଶ െ ݌ଶሻܽ ൅ 6ߚݎଶଶܽଶ
൅ ଵ
௞మ
ቄݖଶݎଶ݌ଶݎԦ  · ݌Ԧ ൅
ଵ
ଶ
݇ሺݎଶ݌ଶ ൅ 3ݎଵ݌ଵሻ ൅ ߚଶ݌ଵሺ݌ଶ െ ݎଶሻܽ ൅ ߚݖሾݎଶଶ݌Ԧଶ െ ݌ଵ݌ଶܽ െ ݌ଶଶݎԦ  · ݌Ԧሿቅ ݁௙ ௞⁄
൩    
 with  ݂ ൌ ሾߚ݌Ԧ െ ݇ݎԦሿଶ  , ݇ ൌ ߚ ൅ ݖ  and   ܽ ൌ ݎଵ݌ଶ െ ݎଶ݌ଵ ;  
defining         ܫ଴ ؠ ׬ ݀ଶݎ ܥ଴ ݁ି௭௥Ԧ
మିఉሺ௥Ԧି௣Ԧሻమ ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ି௫ ௥Ԧమ  
we obtain 
     ܫ଴ ؠ
గ
ଶ ׬ ݀ߤ
ஶ
଴ ׬
ௗఔ
௟ఱ
݁௠మ௣Ԧమ ௟⁄     ሺെܣ଴ ൅  ܣଵሻ݁ିሺఉሺఓఉାଵሻାఔሻ௣Ԧ
మ ൅ గ
ଶ ׬ ݀ߤ
ஶ
଴ ׬
ௗఔ
௕ర
݁௡మ௣Ԧమ ௕⁄ ܣଶ݁
ିቄఔାఉቀఓఉା೥ೖቁቅ௣Ԧ
మஶ
଴
ஶ
଴    
                          (36) 
with   ݈ ൌ ሺߚ ൅ ݖሻሺߤሺߚ ൅ ݖሻ ൅ 1ሻ ൅ ߥ ൅ ݔ  , ݉ ൌ ߚሺߤሺߚ ൅ ݖሻ ൅ 1ሻ ൅ ߥ  ,݊ ൌ ߚߤሺߚ ൅ ݖሻ ൅ ߥ  and    
ܾ ൌ ߤሺߚ ൅ ݖሻଶ ൅ ߥ ൅ ݔ, 
   ܣ଴ ൌ ݌ଵ ቂ݌ଶଶ݌Ԧଶ݉ଷ ൅ ݈ ቀ
ଷ
ଶ
݉ሺ݌ଵଶ െ ݌ଶଶሻ െ 2݉ଶ݌ଶଶ݌Ԧଶቁ ൅ ݈ଶሺ݉݌ଶଶ݌Ԧଶ ൅ 2݌ଶଶሻቃ 
   ܣଵ ൌ
ଽఉ
௟
݌ଵ ൬െ2݉ସ݌ଶ଺ ൅ 3݈݉ଶ݌ଶଶ݌Ԧଶ ൅ ݈ଶ ቀ݌ଵଶ ൅
ଷ
ଶ
݌Ԧଶ െ 2݉݌ଶଶ݌Ԧଶቁ൰ 
          ܣଶ ൌ ݌ଵ
ଵ
௞మ
ቂݖଶሼ2݊ଶ݌ଶଶ݌Ԧଶ ൅ ܾ݌ଶଶሾ1 െ ݊ሺ2݌ଶଶ ൅ ݌ଵଶሻሿሽ ൅ ܾ݇ ቀ
ଵ
ଶ
݊ሺ3݌ଵଶ െ ݌ଶଶሻ ൅ ܾ݌ଶଶቁቃ     
൅ ݌ଵ
1
݇ଶ ൤ߚ
ଶ ൜݊ଶ݌ଶଶ݌Ԧଶ ൅ ܾ ൤
1
2
ሺ3݌ଵଶ ൅ ݌ଶଶሻ െ 2݊݌ଶଶ݌Ԧଶ൨ ൅ ܾଶ݌ଶଶ݌Ԧଶൠ ൅ ߚݖ݌Ԧଶ ൜
3
ܾ ݊
ଶ݌ଶଶ ൅ ൬3 െ
1
4 ݊݌ଶ
ଶ൰ െ ܾ݌ଶଶൠ൨  
Similarly, with  
ܥଵ ൌ
1
݂ଶ ൜൤
1
2
ሺ3ݎଵ݌ଵ ൅ ݎଶ݌ଶሻ ൅ ߚሼ݌ଶݎԦ · ݌Ԧሺݎଶ െ ݌ଶሻ െ ݌ଶሺ݌ଵ ൅ ݎଵሻܽ െ 2ܽଶሽ ൅ 2ߚଶܽଶ݌ଶሺ݌ଶ െ 7ݎଶሻ൨
൅ ݁௙ ௞⁄ ൤െ
1
2
ሺ3ݎଵ݌ଵ ൅ ݎଶ݌ଶሻ ൅ ߚሺെ2ܽଶ െ ܽ݌ଶݎଵ ൅ ݎଶ݌ଶሾ݌Ԧଶ ൅ 3ݎԦ · ݌Ԧሿሻ ൅ 2ߚଶܽଶ݌ଶሺ݌ଶ ൅ ݎଶሻ൨ൠ 
we define                                         ܫଵ ؠ ׬ ݀ଶݎ ܥଵ ݁ି௭௥Ԧ
మିఉሺ௥Ԧି௣Ԧሻమ ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ି௫ ௥Ԧమ         (37) 
to get 
  
ܫଵ ൌ
గ
ଶ ׬ ߤ ݀ߤ
ஶ
଴ ׬ ݀ߥ
ஶ
଴
௘೘
మ೛ሬሬԦమ ೗⁄
௟య
݌ଵሼܤ଴ ൅ ߚܤଵ ൅ 2ߚଶܤଶሽ݁ିሺఉሺఓఉାଵሻାఔሻ௣Ԧ
మ ൅ గ
ଶ ׬ ߤ ݀ߤ
ஶ
଴ ׬ ݀ߥ
ஶ
଴
௘೙
మ೛ሬሬԦమ ್⁄
௕య
݌ଵሼܤଷሽ݁
ିቄఔାఉቀఓఉା೥ೖቁቅ௣Ԧ
మ
   
with       
  ܤ଴ ൌ
ଵ
ଶ
݉ሺ3݌ଵଶ െ ݌ଶଶሻ ൅ ݈݌ଶଶ 
  ܤଵ ൌ
ଵ
௟
ሺ3݉ଶ݌ଶଶ݌Ԧଶ െ ݈ሾ3݌ଵଶ െ ݌ଶଶ ൅ 2݉݌ଶଶ݌Ԧଶሿ െ ݈ଶ݉ଶ݌ଶଶ݌Ԧଶሻ 
  ܤଶ ൌ 3
௣మమ
௟మ
ሺ5݉ଷ݌ଶଶ݌ଵଶ െ 7݈݉݌Ԧଶ ൅ 4݈ଶ݌Ԧଶሻ  
  ܤଷ ൌ െ ቀ
ଵ
ଶ
݊ሺ3݌ଵଶ െ ݌ଶଶሻ ൅ ܾ݌ଶଶቁ ൅ ߚ ቄ
଻
௕
݊ଶ݌ଶଶ݌Ԧଶ െ ሾ3݌ଵଶ ൅ ݌ଶଶ ൅ 2݊݌ଶଶ݌Ԧଶሿ െ ܾଶ݌ଶଶ݌Ԧଶቅ ൅
଺
௕
ߚଶ݊݌ଶଶ݌Ԧଶ   , 
Continuing , we use 
 ܥଶ ൌ 
௞
௙మ
ൣሼܽݎଵሺ3ݎଶ െ ݌ଶሻ ൅ ݎଶଶሺ݌ଶଶ െ ݎԦ · ݌Ԧሻ ൅ ݎଵݎଶ݌ଵ݌ଶ ൅ ߚܽଶሺ20ݎଶଶ െ 2ݎଶ݌ଶሻሽ ൅ ݁௙ ௞⁄ ሼሺݎଶ ൅ ݌ଶሻሺܽݎଵ െ ݌ଶݎԦ · ݌Ԧሻ െ
2ߚܽଶݎଶ݌ଶሽሿ    
 ܥଷ ൌ
ఉమ
௙య
൛ሺݎଶ݌ଶ݌Ԧଶ ൅ 6݌ଵ݌ଶܽሻ൫െ1 ൅ ݁௙ ௞⁄ ൯ ൅ 16ߚܽଶ݌ଶଶ൫1 ൅ 2݁௙ ௞⁄ ൯ൟ 
 ܥସ ൌ
ఉ௞
௙య
൛ሺ4ݎଶ݌ଶݎԦ · ݌Ԧ െ 6ܽଶ ൅ 4ߚ݌ଶሺݎଶ ൅ ݌ଶሻܽଶሻ൫1 െ ݁௙ ௞⁄ ൯ െ 32ߚݎଶ݌ଶܽଶ൫2 ൅ ݁௙ ௞⁄ ൯ൟ 
   
      ܥହ ൌ
௞మ
௙య
 ൛ሺ2ݎଶଶݎԦ · ݌Ԧ െ 4ݎଵݎଶܽ ൅ 48ߚܽଶݎଶଶሻ െ 4ߚݎଶሺ݌ଶ ൅ ݎଶሻܽଶ൫െ1 ൅ ݁௙ ௞⁄ ൯ൟ 
      ܥ଺ ൌ െߚଶ
௣మ
௙మ௞
 ݁௙ ௞⁄ ሼെ4݌ଵܽ ൅ 2݌ଶݎԦ · ݌Ԧ ൅ 8ߚܽଶ݌ଶଶሽ 
      ܥ଻ ൌ െ48ߚ
௞య
௙ర
ܽଶݎଶଶ൫െ1 ൅ ݁௙ ௞⁄ ൯    
      ܥ଼ ൌ 48
ఉయ௞
௙ర
ܽଶ݌ଶଶ൫1 െ ݁௙ ௞⁄ ൯                                                                                                                                          
      ܥଽ ൌ െ96ߚଶ
௞మ
௙ర
ݎଶ݌ଶܽଶ൫1 െ ݁௙ ௞⁄ ൯ 
to define for all ݇ ൒ 2 
    ܫ௞ ؠ ׬ ݀ଶݎ ܥ௞ ݁ି௭௥Ԧ
మିఉሺ௥Ԧି௣Ԧሻమ ሺ௣మି௥మሻሺ௣మ௥భି௣భ௥మሻ
ሺ௣Ԧି௥Ԧሻమ
݁ି௫ ௥Ԧమ       (38) 
The calculation of the integrals involved in each of the terms above is tedious and will be reported elsewhere; 
simultaneously an  effort will be made to present the result of the calculation  in a manner so as to appear as an 
extension of  eq.(25) to the third order in λ. 
To conclude, we have used the Schwinger expansion [7] in this paper to rework the Antonsen-Bormann idea[5,6]to 
obtain  the ζ(s) function to second order in the gravitational constant G for the Lagrangian density (1) in 2 + 1 
dimensional curved space, the metric for the latter being defined by the stationary solutions[3,4] of the Einstein field 
equations.  
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